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Abstract. We introduce a formulation of gauge theory on noncommutative spaces based on the notion of
covariant coordinates. Some important examples are discussed in detail. A Seiberg-Witten map is estab-

lished in all cases.

1 Introduction

We introduce a natural method to formulate a gauge the-
ory on more or less arbitrary noncommutative spaces. The
starting point is the observation that multiplication of a
(covariant) field by a coordinate can in general not be a
covariant operation in noncommutative geometry, because
the coordinates will not commute with the gauge trans-
formations. The idea is to make the coordinates covariant
by adding a gauge potential to them. This is analogous to
the case in usual gauge theory; one adds gauge potentials
to the partial derivatives to obtain covariant derivatives.
One can consider a covariant coordinate as a position-
space analogue of the usual covariant momentum of gauge
theory.

In the following we prefer not to present the general
case of an arbitrary associative algebra of noncommuting
variables; we consider rather three important examples in
which the commutator of two coordinates is respectively
constant, linear and quadratic in the coordinates. We em-
ploy Weyl’s quantization procedure to associate with an
algebra of noncommuting coordinates an algebra of func-
tions of commuting variables with deformed product. One
of our examples gives the same kind of noncommutative
gauge theory that has appeared in string theory recently

il

2 Covariant coordinates

The associative algebraic structure A, which defines a
noncommutative space can be defined in terms of a set
of generators 2 and relations R. Instead of considering a
general expression for the relations we shall discuss rather
some important explicit cases. These are of the form of a
canonical structure

(@, 4] = i,

0”7 € C, (2.1)

a Lie-algebra structure

2%, 49 = iCYpzk,  CYp eC, (2.2)
and a quantum space structure [2-5]
#'37 = ¢ RY 2kt RY, eC. (2.3)

In all these cases the index i takes values from 1 to N. We
shall suppose that A, has a unit element. For the quantum
space structure a simple version is the Manin plane, with
N =2:

Ty = qyz, g € C. (2.4)
We shall refer to the generators 2° of the algebra as ‘co-
ordinates’ and we shall consider 4, to be the algebra of
formal power series in the coordinates modulo the rela-
tions

A, =C|[[z',...,2N]] /R.

For a physicist this means that one is free to use the rela-
tions (2.1), (2.2) or (2.3), (2.4) to reorder the elements of
an arbitrary power series.

We consider fields as elements of the algebra A,:

V(@) =Pt 2N) € A,

(2.5)

(2.6)

We shall introduce the notion of an infinitesimal gauge
transformation d1) of the field v and suppose that under an
infinitesimal gauge transformation a(Z) it can be written
in the form

0(@) = ia(@)(@) @), U(@) € A,

This we call a covariant transformation law of a field. It
follows then of course that d¢ € A,. Since «(Z) is an
element of A, it is the equivalent of an abelian gauge
transformation. If a(#) belonged to an algebra M,,(A,) of
matrices with elements in A, then it would be the equiv-
alent of a non-abelian gauge transformation.

(2.7)
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An essential requirement is that the coordinates be
invariant under the action of a gauge transformation:

83" = 0.

Multiplication of a field on the left by a coordinate is then
not a covariant operation in the noncommutative case.

That is ' .
0(z*y) =iz’ a(z)y (2.8)

and in general the right-hand side is not equal to ic(Z)Z%).
Following the ideas of ordinary gauge theory we introduce

covariant coordinates X such that
§(X'y) = iaX"p,

that is, §(X?) = i[o, X7]. To find the relation between X*
and 2’ we make an Ansatz of the form

Al(2) € A,.

(2.9)

X0 =3+ A (%), (2.10)
This is quite analogous to the expression of a covariant
derivative as the sum of an ordinary derivative plus a
gauge potential.l ,

We derive the transformation properties of A* from the
requirement (2.9):

SA = i[a, AT —i[2", . (2.11)

The right hand side can be evaluated using one of the
relations (2.1), (2.2) or (2.3). It is easy to see that a tensor
T% can be defined in each case as respectively

TY = [X*, X7] — i6¥ (2.12)
in the canonical case,
T9 = [X?, X7] —iCY X" (2.13)
for the Lie-structure and
T = X% _ g i, KRR (2.14)

for the quantum space.? We verify directly that the objects
T are covariant tensors. In the canonical case we find

TV = [AY39] + [2
0TV = [§A", 7] + [

AT AN A,

i 5AT) 4 [JAT, A7) + [AT, 5 A7) (2.15)

L There is a ‘dual element’ \; closely related to the coordinate
#' and defined so that the inner derivation ad A; of A, plays
the role of the ordinary derivative. In this context a general
consistency relation for the A; has been given [6,8] which also
covers the relations (2.1), (2.2) and (2.3). This relation states
that when the X vanish the 7% must lie in the center of the
algebra.

2 These are not the only covariant objects which can be con-
structed from the X* but they have a natural geometric signif-
icance as gauge field strengths. The second expression (2.13),
for example, has a direct interpretation [7] as the field strength
of an abelian gauge potential over a geometry with A, = M,
the algebra of n x n matrices.
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We insert dA’ from (2.11), use the Jacobi identity and
obtain N B

0T = ifa, TY]. (2.16)
Exactly the same procedure leads to the result for the Lie

structure:

T = [3', AT] + [A", 27] + [A", AT] — iCY  AF,
6T = ifa, TY]. (2.17)
In the case of the quantum space we find
TY = P, (AR + kAl 4 AR AY (2.18)
where we have introduced P defined as
Py =818 — g RV, (2.19)

We again insert § A’ from (2.11) to compute §7%. We ob-
tain

0T = Py {[o, AN + o, 212" + &*[or, A'] + 2"[a, 3]

+a, AFA + [, 27 A
+A¥ [, A" + AFa, 21} (2.20)
With relation (2.3) this becomes
6T = i[o, TY]. (2.21)

3 Weyl quantization

In the framework of canonical quantization Hermann Weyl
[9] gave a prescription how to associate an operator with
a classical function of the canonical variables. This pre-
scription can also be used to associate an element of A,
with a function f of classical variables z!,... 2™ [10]. We
use T for elements of A, and x for the associated classical
commuting variables. Using the Fourier transform

3 1 —ikja?
)= oo [aae ™ p@) @
(2m)%
of the function f(z!,...2™) we define an operator
/d"k iki# F(k). (3.2)
271'

This is a unique prescription, the operator & replaces the
variables z in f in the most symmetric way. If the opera-
tors & have hermiticity properties W (f) will inherit these
properties for real f. At present we are interested in the
algebraic properties only.

Operators obtained by (3.2) can be multiplied to yield
new operators. The question arises whether or not these
new operators can be associated also with classical func-
tions. If such a function exists we call it f ¢ g (‘f diamond
g):

W(feg).

W(HW(g) = (3.3)
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We can write (3.3) more explicitly as Let us first compute this for monomials:
1 o adi e e~ AN AMI 4AN2 M2 . —Ming ani+ng smi+me
W (0) = gy [ D™ e [0 R A (3.12)
(27T) ;jj”lyml - i,nggmg - q—mlng :jn1+n2yAm1+m2 .

(3.4)
If the product of the two exponentials can be calculated
by the Baker-Campbell-Hausdorff formula to give an ex-
ponential of a linear combination of the £ the function
f o g will exist. This is the case for the canonical struc-
ture: . . o g
ptkid! gipd? _ Liki+p)@) —Skip; 0%

(3.5)

A comparison with (3.2) shows that (fog)(z) can be com-
puted from (3.4) and (3.5) by replacing & by x.

fog=
= N LNy ot(ki+p;)a? —5ki0" p; ~
1*9= Gy / d"kd"pe F(k)g(p)
i_0_pij_0_
S F f(a;)g(y)‘y_m (3.6)

We obtain the Moyal-Weyl *-product [11].
A similar x-product is obtained for the Lie structure:

eikid! gip;? _ iPi(k,p)i’ (3.7)
where P;(k,p) are the parameters of a group element ob-
tained by multiplying two group elements, one para-
metrized by k and the other by p. From the Baker-

Campbell-Hausdorff formula we know that

1
Pi(k,p) = ki +pi + igi(lﬁp) (3.8)

where g; contains the information about the noncommuta-

tive structure of the group. Again we find the star product
after a Fourier transformation

/ d"kd"p PP f(1) g (p)

1
Jog=fx*xg= @y

= B 1) fy)g() (3.9)

o
A more complicated situation arises for the quantum
plane structure. The Baker-Campbell-Hausdorff formula
cannot be used explicitly. The Weyl quantization (3.2)
does not seem to be the most natural one. At the moment
we are only interested in the algebraic structure of the
theory. In this context any unique way of associating an
operator with a function of the classical variables would
do. For the quantum plane this could be a normal order-
ing. We treat the case of the Manin plane (2.4) explicitly.
With any monomial in x y we associate the normal ordered
product of the operators &, §j where all the & operators are
placed to the left and all the ¢ operators to the right:

W(f(z,y)) =: f(&9):

The dots indicate the above normal ordering. Equation
(3.3) now has to be written in the form:

(3.10)

2f(8,9) 0 9(2,9) = fog(d,9): (3.11)

— W (q_x/a(z’yifyl’nlymll’/n2y/m2

z/ >z >
y' =y

This is easily generalized to arbitrary power series in z
and y

/

_ 0 0
fog=q "3 f(z,y)g(z',y")

(3.13)

v/ =y
and we have obtained a diamond product for the Manin
plane. Instead of the g ordering we could have used the
yZ ordering or, more reasonably, the totally symmetric
product of the zg operators. For monomials of fixed de-
gree the zy ordered and the yZ ordered as well as the
symmetrically ordered products form a basis. Thus the
diamond product exists in all the cases and it is only a
combinatorial problem to compute it explicitly.

Weyl quantization allows the representation of an ele-
ment of A, by a classical function of x. For a constant ¢
and for &' € A, this is trivial:
=zt

c— e, (3.14)

The formula (3.3) can be used to generalize this to any el-
ement of A,. As an example we take the bilinear elements

of A,.

39 5 atoad,
(3.15)

3l = W)W (2d) = W(a' o 2?),
In particular

o 1. o
W(z'a?) = 5(:%11? + 373" (3.16)
for the canonical structure and the Lie structure. For the
quantum space structure we have

W(z'z?) = &'a7 - (3.17)
The elements of A, can be represented by functions f(x),
the multiplication of the elements by the star product of
the functions. This product is associative. Let us now rep-
resent a field by a classical function ¢(x). The gauge trans-
formation (2.7) is represented by «a(z):

dath(x) = da(x) o (). (3.18)
We immediately conclude that
(6abp — 0gda ) (x) = 1B(x) ¢ (a(x) o ¥(x))
—ia(z) o (B(z) 0 (x))
=i(foa—acf)or. (3.19)

The transformation law of A'(z), representing the element
At e A, is:

SA" =ila s A —iz' S a] (3.20)
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and for the tensors T (z):

6T = i[a $ TY). (3.21)
Where T is defined as in (2.12), (2.13), (2.14), but with
elements of A, and algebraic multiplication replaced by
the corresponding functions and diamond product:

T9 = [A" S 2] + [2" ¢ A7) + [A" S A7)
TH = [2' 9 AT+ [A" ¢ 29] 4 [A" ¢ A7) —iCY AR (3.22)
T4 = P (AF ol + 2% o Al 4 AF o AY).

4 Noncommutative gauge theories
4.1 Canonical structure

We would now like to give explicit formulae for the gauge
transformation and tensor in the canonical case and will
explain the relation to the conventions of noncommutative
Yang-Mills theory as presented in [1]. The commutator
[#%,.] in the transformation of a gauge potential (2.11),

SA' = —i[¢', a] + i]a, A",

acts as a derivation on elements of A,. Due to the special
form of the commutation relations (2.1) with the constant
07, this commutator can in fact be written as a derivative
on elements f € Ag:
(@, ] = 699, . (4.1)
The derivative 0; is defined as a derivation on A, that is,
0jfg = (0;f)g+ f(9;g9) and on the coordinates as: ;1" =
d5. The right-hand side of (4.1) is a derivation because the
matrix 0 is constant and commutes with everything. We
find that in the canonical case the gauge transformation
can be written
SA" = 00,0 + i[a, A (4.2)
The gauge potential A of noncommutative Yang-Mills is
introduced by the identification
Al = QijAj. (4.3)
We must here assume that the matrix 6 is non-degenerate.
We find the following transformation law for the gauge
field A;:

§A; = dja +ila, Aj]. (4.4)

It has exactly the same form as the transformation law for
a non-abelian gauge potential in commutative geometry,
except that in general the meaning of the commutator is
different. An explicit expression for the tensor 7' in the
canonical case (2.15) is found likewise,

TV = i0™* 9, A7 — 0719, A* + [AY, AT]. (4.5)
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Up to a factor ¢, the relation to the field strength F of
noncommutative Yang-Mills is again simply obtained by
using 6 to raise indices:

TV = i0™* 07 Fy,. (4.6)
Assuming again non-degeneracy of 6, we find
Fy = 0 A; — 0/ Ay —i[Ay, Ay]. (4.7)

According to our conventions we are to consider this as
the field strength of an abelian gauge potential in a non-
commutative geometry, but except for the definition of the
bracket it has again the same form as a non-abelian gauge
field-strength in commutative geometry. Since §% € C, F'
is a tensor:

6Fyy = ila, Fi). (4.8)

These formulae become clearer and the relation to non-
commutative Yang-Mills theory is even more direct, if we
represent the elements of A, by functions of the classical
variables z¢ and use the Moyal-Weyl star product (3.6).
In particular equation (4.1) becomes

gtk f— frat =i070;f, (4.9)
where f(z) is now a function and 9;f = 9f/dx? is the
ordinary derivative. This follows directly from the Moyal-
Weyl product (3.6). The identifications (4.3,4.6) have the
same form as before. The relevant equations written in
terms of the star product become

SA" = 0"0;a +iax A" —iA' x q, (4.10)
TV =i o AT — 0T A + AT x AT — AT x AT (4.11)
OTY =i T —iTV x a, (4.12)
0A; = dja+iax Aj —iA;j xa, (4.13)
Fi = 0, A — 0, Ay —iAy, « Aj +iA; x Ay, (4.14)
6Fy = iax Fiy —iFy «a (4.15)
and

3005 — 6800 = O(gra—axp)- (4.16)

All this clearly generalizes to A, a, flj and F; that are
(hermitian) n x n matrices. We shall return to this point
later. It is interesting to note the form of the covariant
coordinates written in terms of A:

X' =3+ 07 A;. (4.17)
This expression has appeared in string theory contexts
related to noncommutative Yang-Mills theory mainly as a
coordinate transformation [12-14].

Remark. Ordinary gauge theory can be understood as
a special case of gauge theory on the noncommutative
canonical structure as follows: Consider coordinates
{¢’,p;} with canonical commutation relations [¢’,p;] =
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i6] and restrict the allowed choices of infinitesimal gauge
transformations a to depend only on the ¢*, i.e., only on
half the original coordinates. Multiplying a field ¢ by a
coordinate is now a non-covariant concept only for half
the coordinates, namely for the ‘momenta’ p;. The gauge
field A will thus depend only on the §’, as will the tensor
T. It is not hard to see that the relations of noncommuta-
tive gauge theory reduce in this case to those of ordinary
gauge theory. The algebra of the ¢/ and p; can of course
be realized as ordinary commutative coordinates ¢/ and
derivatives —i0;.

4.2 Lie structure

The relations of noncommutative gauge theory on a Lie
structure (2.2) written in the language of star products
are

SA" = —i[z" ¥ o] +i[a * A,
TV =[a 5 AV +[A" 1 2] + [A 1 AT] —iCY AR, (4.19)

6T = jax TV — iTY x a,

(4.18)

(4.20)

where A® and a are functions of the (commutative) coor-
dinates z° and the *-product is given in (3.9). As in the
canonical case, [z* * f(x)] can be written in terms of a
derivative of f

[mi )] = Z'C'ijkxkﬁ

ot (4.21)

but the proof is not so obvious, because the left-hand side
is a derivation of the noncommutative *-product while the
right-hand side is a derivation with respect to the commu-
tative point-wise product of functions. However, these two
notions can be reconciled thanks to the symmetrization
inherent in the Weyl quantization procedure. Equations
(4.18) and (4.19) can thus also be written as

SA" = OV a*0;0 +iax A' —iA' x q, (4.22)
T = iCil kg A7 — 09t 2k 9, Al
+[AT 1 AT —iCY AF. (4.23)

5 Non-abelian gauge transformations

In this case the parameter «(Z) in (2.7) and the gauge
field A in (2.10) will be matrix valued:®* o = «,T" and
A= AT", where o, A, € A, and the T" form a suitable
basis of matrices. It is not clear what conditions we can
consistently impose on these matrices and in particular
in which sense they can be Lie-algebra valued; we can,
however, always assume that o and A are in the enveloping
algebra of a Lie algebra. Let us consider the commutator

3 For notational simplicity we are suppressing the index ¢ on
Al
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(2.11). It can be written as a sum of commutators and
anti-commutators of the matrices T":

1
[, A] = i(aTAS + Asa,)[T7,T7]

1
+§(arAs — Asa){T7,T°}. (5.1)
In the commutative case the second term is zero and it
is clear that one can choose T, from any matrix repre-
sentation of a Lie algebra. Here, however, o, and As do
not commute. As we shall see it is nevertheless possible
to consistently impose hermiticity, while it is for example
not consistent to impose tracelessness.
Let us now assume that the relations (2.1), (2.2), (2.3)
or (2.4) admit a conjugation:
() =t (5.2)
This will be the case for real 8%, real C%}, and, in (2.4), ¢
a root of unity. Then it makes sense to speak about “real”

functions
[ (@) = f(@), (5.3)
and in this case a could be hermitian:
a(®) = ()T = o* (&),
(au(2)" = (@), 7! =1, (5.4)

The commutation of those hermitian objects will be anti-
hermitian:

(@), B = —[a(2), B(y)]-

We conclude that with «, A and & hermitian, § A in (2.11)
will be hermitian again. If the matrices T; form a basis
for all hermitian matrices of a certain dimension, then the
commutators and anti-commutators in (5.1) will also close
into these matrices.

(5.5)

6 Seiberg-Witten map

Seiberg and Witten were able to establish a connection
of noncommutative Yang-Mills theory to ordinary Yang-
Mills theory. We show that this can be done for all three
examples we have considered. We shall consider the more
general non-abelian case. The ordinary gauge potential we
shall call a; and the infinitesimal gauge parameter €. The
transformation law of the gauge potential a; is

Oca; = Oz + i[&, ai}. (61)

This has to be compared with the gauge transformation
(3.20) ‘ ‘

0A" =ifa g A'] — (6.2)
The diamond product can be written in a formal way anal-
ogous to deformation quantization [15,16]

iz ¢ a).

fog=1rfg+> h"Bu(f.9),

n>1

(6.3)
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where the B,, are differential operators bilinear in f and
g, and h is an expansion parameter. We are interested in
three special cases:
the canonical case

res=tar X (5) 0 0@ 00

n>1

x(0j, -+ 9;,9),

the Lie case

(6.4)

n

f<>g:f9+2% f(y)g(z)

n>1

(; zk: xkgk(iay, z@z)>

= fg+ %kaijk&fajg +...,

y=z
2=z

(6.5)

and the quantum space case (with h = Ingq)
1 n n
Fog=ro+ Y —(=n"(wd,)" 1) ((@:)"g). (6.6)
n>1"

The identification with formula (6.3) is obvious. In the
following we shall work to second order in A only. For
the canonical and the Lie structure the formula for the x*
commutator is

[f 1 ] = i0Y (2)0:f ;g + O(6%). (6.7)
This expression does not contain any terms in second order
in . This is typical for a deformation quanization of a
Poisson structure [16]. As a consequence the second term
on the right-hand side of (6.2) will be:

[z ¥ a] = i070;a + O(6°). (6.8)

For the canonical and the Lie structure there are in fact no
terms of higher than linear order in 6, see (4.9) and (4.21).
Following Seiberg and Witten we construct explicitly local
expressions A and « in terms of a, ¢ and 6. This we do by
the following Ansatz:

At =0Ya; + GH(0,a,0a,...)+ O(0%),

(6.9)
a=¢ec+~(0,¢,0s,...,a,0a,...)+ O(6?),
where G* and v are of next to leading order in 6. We re-
quire that the variation § A of (6.9) with the infinitesimal
parameter « be obtained from the variation (6.1) of a;.
This is true to first order in 6 due to the Ansatz (6.9). In
second order we obtain an equation for G* and ~:

‘ 3 (6.10)
+ile, G'] + i]y, 0% a;).
This equation has the following solution:
Gi = —lﬂkl{ak, 81(0”@ ) + QijFl '},
! ! ! (6.11)

V= iglm{al& am}a
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where Fj; is the classical field strength F;; = 0;a; —0;a; —
ilai, a;]. To prove that this indeed solves Equation (6.10),
one has to use the Jacobi identity for 8% (x). In the canon-
ical case, that is with 8% constant, this is the same result
as found previously [1] if one takes into account the iden-
tification (4.3).

Our quantum space example does not fit into the
framework of deformation quantization as specified by
(6.7); a quadratic term in h = ln ¢ appears:

[f S 9] = —hay(9y fOrg — 0y90s f)
1
+§h2my {(ayfaa:g - aygarf)
+ay (02 f0ag — 0,903 f)
+$(ayfa§g - 8yga§f)

This has as a consequence that a second order term will
appear in the following formula:

(6.12)

[z ¢ a] = +haydya — %thyay(yaya) (6.13)
[y ¢ a] = —haydya + Fh2ayd, (z0,a). '

Nevertheless a Seiberg-Witten map can be constructed —
at least for the abelian case. The transformation is

A" = —ihaya? + %hQ:cy [0y (za® (ya¥ — 1))
—0,(zya¥a?)] + O(h®)
AY = +ihzya® + %h%cy (05 (ya? (za® + 1))
—0,(zya®a®)] + O(h*)
a=c¢c+ %h [YOya + x0ya + ixy(ag0ya — ay0ya)]

+0O(h?). (6.14)
This suggests that there should be an underlying geomet-
ric interpretation of the Seiberg-Witten map.
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